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Angle-differential elastic electron scattering off C60: A simple semi-empirical theory
versus experiment
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We prove in the present paper that a simple modeling of a complicated highly polarizable C60
target by a rectangular (in a radial coordinate) square well potential in combination with the static
polarization potential provides a viable approximation for a low-energy elastic electron scattering off
this target. The proof is based on the results of the comparison of the calculated angle-differential
elastic electron scattering cross section off C60 versus corresponding experimental data.
PACS numbers:
Low-energy elastic electron scattering off a C60
fullerene or A@C60 endohedral fullerene has been in the
focus of theorists for some time now, see, e.g., [1–8] and
references therein. Whereas works [1, 2] addressed the
problem from the first ab initio principles, a part of the
work [2] as well as works [4–6, 8] used a semi-empirical
approach where the C60 cage was modeled by a rectangu-
lar (in a radial coordinate) square well potential, UC(r),
of certain inner radius, r0, thickness, ∆, and depth, U0,
to address a low-energy elastic e−+C60 scattering [2, 4–6]
or e− +A@C60 scattering [6, 8]:
UC(r) =
{
−U0, if r0 ≤ r ≤ r0 +∆
0 otherwise.
(1)
Works [2, 4, 5] suffered a serious drawback because of
not accounting for polarization of a highly polarizable
C60 cage by a scattering electron; the dipole static po-
larizability, αC, of C60 is approximately 850 a.u. [9] (a.u.
stands for “atomic units” which is the system of units
used throughout the present paper unless stated other-
wise). Further corrections to the model, made in works
[6, 8], improved the approximation considerably by intro-
ducing a new model potential, UCα(r), of a polarizable
C60 as the sum of the UC(r) potential and the static po-
larization potential Vα(r):
UCα(r) = UC(r) + Vα(r), (2)
Vα(r) = −
αC
2(r2 + b2)2
. (3)
Here, b is a cut-off parameter of the order of the size of
the target (C60, in our case) to prevent divergence of the
potential at r → 0. In the present paper, the b parameter
is put to b ≈ 8 which is approximately the size of C60.
The polarization potential Vα(r) originates from
physics of atom, where it was introduced in studies of
a concrete negative ion O− with αC treated as an ad-
justable parameter in [10] yet in 1943. This potential
was developed by introducing energy dependence of αC,
but has remained a phenomenological one [11]. A new ap-
proach, based on a many-body diagrammatic technique
suitable for atoms, leads to good results without any ad-
justable parameters (see [12] and references therein).
Although quite accurate, the ab initio approach is dif-
ficult to apply to such a tremendously complex objects
as fullerenes or endohedrals. This justifies using an ap-
proach that is much less accurate but at the same time
much simpler [6]. However, in the absence of the com-
parison with corresponding experimental data for elastic
e− +C60 or e
− + A@C60 scattering it has remained un-
clear how viable are the approximations above, Eqs. (1)
– (3), in the application to the scattering process in ques-
tion. Whereas we are not aware of the existence of exper-
imental data for the integral, i.e, total elastic scattering
cross section, σtot, we have become aware of a long-time
existing experimental data [14] for the angle-differential
elastic scattering cross section, dσ
dΩ , in the energy region
up to about 12 eV of the electron impact energy. It is
the aim of the present paper to demonstrate the viabil-
ity of the simple phenomenological model, Eqs. (1)–(3).
To meet the goal, we calculate in the present work dσ
dΩ
for e− + C60 scattering, obtained with the utilization of
Eqs. (2) and (3), and compare the thus obtained result
with experiment [14] for a number of scattering angles
θ = 30, 70, 80 and 90o. We demonstrate a reasonably
good agreement between measured and calculated data.
The angle-differential scattering cross section is calcu-
lated using the well-known formula, see, e.g., [15]:
dσ
dΩ
=
1
k2
∞∑
ℓ,ℓ′=0
(2ℓ+ 1)(2ℓ′ + 1) sin δℓ sin δℓ′
× cos(δℓ − δℓ′)Pℓ(cos θ)Pℓ′(cos θ). (4)
Here, and everywhere else in the paper, k is the electron
momentum, θ and Ω are the scattering angle and solid
angle, respectively, δℓs are scattering phase shifts and
Pℓ(cos θ) is the Legendre polynomial of the ℓth order.
The total electron elastic-scattering cross section,
σtot(ǫ), is calculated in accordance with the standard for-
mula for electron scattering by a central-potential field:
σtot(k) =
4π
k2
∞∑
ℓ=0
(2ℓ+ 1) sin2 δℓ(k). (5)
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FIG. 1: (Color online) e− + C60
dσ
dΩ
(in units a20sr
−1, a0 be-
ing the first Bohr radius) at θ = 30, 70, 80 and 90o. Solid
and dashed lines, results of the present calculation obtained
without account for polarizability of C60 with the use of, re-
spectively, the set1 and set2 for r0, ∆ and U0. Solid squares,
experiment [14]. Note, the experimental points are copied
from [1] “as is” in order to not distort the comparison of the-
ory [1] with experiment in other parts of the present paper.
The radial parts, Rǫℓ(r), of the wave functions of
scattering states with the definite energy ǫ = k2/2,
Ψǫ,ℓ,mℓ(r) = (Rǫℓ(r)/r)Yℓ,mℓ (θ, φ), are obtained by solv-
ing the corresponding radial Schro¨dinger equation:
−
1
2
d2Rǫℓ
dr2
+
[
ℓ(ℓ+ 1)
2r2
+ UCα(r)
]
Rǫℓ(r)
= EǫℓRǫℓ(r). (6)
Once Rǫℓ(r) are determined, the needed electron elastic-
scattering phase shifts, δℓ(k), are found by referring to
Rkℓ(r) at r ≫ 1:
Rkℓ(r)→
√
2
π
sin
(
kr −
πℓ
2
+ δℓ(k)
)
. (7)
The determination of the scattering phase δℓ(k) from a
numerically derived wave function Rkℓ(r) requires a spe-
cial programm, presented in [13]. In the calculations, we
use two different sets of the adjustable parameters r0, ∆
and U0 for the UC cage potential, Eq. (1). One of the
two sets of the parameters, referred to as the “set1”, is
r
(1)
0 = 5.8, ∆
(1) = 1.9, U
(1)
0 = 0.302 a.u., as in, e.g.,
Refs. [17] and references therein, the other one, referred
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FIG. 2: (Color online) e−+C60
dσ
dΩ
(in units a20sr
−1, a0 being
the first Bohr radius) at θ = 30, 70, 80 and 90o. Solid and
dashed lines, results of the present calculation obtained with
account for polarization potential of C60 with the use of, re-
spectively, the set1 and set2 for r0, ∆ and U0. Solid squares,
experiment [14]. Solid circles, results of the ab initio theory
[1]. As in Fig. 1, both the experimental points (solid squares)
and results of the ab initio theory [1] (solid circles) have been
copied from [1] “as is” in order to not distort the comparison
of theory [1] with experiment in any way.
to as the “set2”, is r
(2)
0 = 5.26, ∆
(2) = 2.91, U
(2)
0 = 0.260
a.u., as in, e.g., Refs. [2, 8] and references therein. The
use of two sets of parameters permits to test the sensitiv-
ity of the results to parameters variation. The utilization
of the energy independent UCα(r), as well as the omis-
sion of electron exchange potential, simplifies the calcu-
lations drastically. Contrary to the ab initio many-body
approach [16], potential UCα(r) permits easily calculate
scattering phases δℓ almost irrespectively to the value of
l. So, we performed a trial calculation that showed that
32 partial electronic waves with the orbital momentum
ℓ up to ℓ = 31 is the enough number of terms to be ac-
counted in the calculation of dσ
dΩ in order to ensure the
convergence of the sum in Eqs. (4) and (5).
Corresponding calculated data for dσ
dΩ , obtained with-
out account for the Vα polarization potential potential,
Eq. )3), i.e., with the use of UC(r) determined by Eq. (1)
alone, are depicted in Fig. 1, whereas those obtained with
the account for the Vα potential, i.e., with the use of
UCα(r), Eq. (2), are depicted in Fig. 2. One can see,
that the account for C60 polarization potential, Fig. 2,
corrects dσ
dΩ considerably, especially at θ = 30 and 70
o,
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FIG. 3: (Color online) e− + C60 total elastic scattering cross
section (in units a20, a0 being the first Bohr radius) calculated
with and without account for polarizability of C60. Solid line
(dashed line) - results obtained with the use of the parameter-
set1 (parameter-set2) in the calculation, respectively.
making the agreement between the present theory and
experiment be quite reasonable. This agreement, the
authors dare to state, is, in the whole, even somewhat
better than that between the ab initio theory [1] and
experiment. As for the comparison of results, obtained
with the use of the parameter-set1 and parameter-set2
for r0, U0, and ∆), it is difficult to give an unambiguous
preference to the one over the other.
To let the reader get a better insight into differences be-
tween a static (“frozen”, α = 0) and polarizable (α 6= 0)
C60 fullerene cage, in Fig. 3 depicted are the e
− + C60
elastic total scattering cross sections calculated with and
without account for polarizability of C60 in the approx-
imations described above. One can see that the effect
of C60 polarization potential acting upon the elastically
scattered electron alters the cross section considerably.
The usual estimation of the required upper value of
the partial wave taken into account is lmax ≃ kr0. In the
considered case, lmax ≃ 6 even for the highest considered
incoming electron energy. This is well below the upper
l value 32, included in our calculations. This estimation
is valid for all short-range potentials, namely those that
decrease faster than 1/r2 with distance r growth. Note,
however, that the dσ/dΩ requires more phases than the
total cross-section σ, since the smallest phase δlmax that is
taken into account contributes to dσ/dΩ a term sin δlmax
, while to σ the contribution of this same phase is much
smaller, since it is (sin δlmax)
2 ≪ sin δlmax for δlmax ≪ 1.
In conclusion, the provided in the present paper results
prove the applicability of the UCα potential (2) to tack-
ling problems of electron scattering off a highly polariz-
able C60 fullerene. Note that, obviously, by a fine-tuning
of the parameters r0, U0 and ∆, as well the polarization
parameters α and b, one can achieve a yet better agree-
ment between theory and experiment than the present
one. One would have been too naive to have expected
more from the utilized simple modeling of C60, and yet
its surprising viability is obvious, at least in the aim of
getting the initial insight into the polarization potential
effects in electron scattering of C60.
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